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equilibrium dipole moment of the water molecule has been determined from Stark effect 
easurements on two H,O, one D,O, and six HDO rotational transitions. The variation of the dipole 

moment projection operator with rotational state is taken into account and expressions are given for 
this operator evaluated in the ground vibrational states of the three isotopes. The value obtained for the 
equilibrium dipole moment is lopx\ = 1.8473 & 0.0010 D. The effective dipole moments in the principal 
axis energy representation are lpb(HOH)I = 1.8546 + 0.0006 D, /pb(DOD] = 1.8558 * 0.0021 D and 
lpb(DOH)I = 1.7318 0.0009 D, Ipa(DOH)I = 0.6567 & O.ooo4 D. 

INTRODUCTION 

The dipole moment of the water molecule has 
been determined by several authors using methods 
including Stark effect and bulk dielectric measure- 
ments. '-' This paper describes the determination 
of the equilibrium dipole moment for the water 
molecule using Stark effect measurements on two 
H,O transitions, six HDO transitions, and one D20 
transition. In a subsequent article the determina- 
tion of the dipole moment will be described by Dyke 
and Muenter7 using a molecular beam method on 
three H,O and three D,O rotational levels. 

The ability to obtain a single value of the equilib- 
rium dipole moment to a precision consistent with 
the experimental limits of the Stark measurements 
is due to the inclusion of electrical distortion in 
the dipole moment function, the availability of im- 
proved eigenvalues and eigenvectors for the mole- 
cules considered, improved methods of treating the 
data, and significantly more accurate Stark effect 
measurements. 

THEORY 

The Hamiltonian for the Stark effect is given by 
H= - 
operator, 8 is the electric field, and M is the pro- 
jection of the dipole moment on the space-fixed 
(field) axis. M is expanded through the second 
order as follows: 

*I = -M6, where p is the dipole moment 

a 
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where the superscript on M denotes the order  of 
magnitude in an appropriate expansion parameter 
X, is the direction cosine between the a-molec- 
ular-fixed axis and the space-fixed axis, q is a di-  
mensionless normal coordinate, and the quantities 
in parentheses a r e  electric constants of the mole- 
cule and for convenience may be given in Debye 
units (lo-'* esu - cm). The equilibrium dipole mo- 
ment ('pa), within the restrictions of the Born- 
Oppenheimer approximation, is independent of 
isotopic substitution for a given molecule. The 
geometric representation that we will use in the 
present study is that shown in Fig. 1.  It is to be 
noted that the permanent dipole lies on the x axis 
and is assumed to point in the negative x direction, 
and consequently OpX will be designated a s  a nega- 
tive quantity. The phases of the dipole moment 
derivatives are chosen to be consistent with this 
convention. 

It is next necessary to obtain the dipole moment 
function to second order  in the representation in 
which the vibration-rotation Hamiltonian is vibra- 
tionally diagonal to second order. It is most con- 
venient to use the contact transformation method to 
obtain this result. If S' is the transformation func- 
tion which diagonalizes the Hamiltonian to second 
order, then matrix elements of the dipole moment 
function in this representation (the t representation) 
are given as 

OM!, =  OM^^,, (4) 

1Mt if- -1M f j ,  (5) 

2M!,=2Mi, +{'Him, '%}Reim +{'Mim, 'Hm,IRejm 

+['Hi,, OMIRE~~ ( 6 )  

where we follow the notation of Rothman and 
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TABLE I. Dipole derivative constants fo r  the water 
molecule given in  Debye units (lo-" esu cm). 

HOH DOH' DOD* 
fi b a b a b a 

' ( .3&/8q1) - 0.0216 0 0.0050 -0.058 -0,024 0 

~(W,J .3q2)  0.161 0 0 .120  0 .107  0 ,137  0 

I (apm/aq3)  o 0.0950 - 0 . 0 4 o i  0.0611 o 0.0868 
- 

%onstants fo r  DOH and DOD are calculated f rom ob- 
served values fo r  HOH. See Ref. 10. 

Clough8 in which { , }, and [ , IR indicate rotational 
anticommutators and commutators, respectively. 
'€Iij is the matrix element of the vibration-rotation 
Hamiltonian in the principal axis, harmonic oscil- 

lator representation and c i j  l/('Hi, - (for i = j ,  
E i j  GO). For the numerical constants needed in 
the calculations, force constants were derived 
from the work of Benedict e t  al .  Unfortunately, 
unambiguous values for  ' (8 'pa /8q?  ) which contrib- 
ute directly to the coefficient of aq in 'M, 

5 

d'" a r e  not available for water and this Contribution 
has  necessarily been neglected. Using the con- 
stants of Table I, the dipole moment projection 
operators for the ground vibrational states of the 
three isotopic species a s  a function of the direction 
cosine and angular momentum operators are 

HOH: 
OM = 

'M=O, 

'M = - 0.0067 @b + 1.06 x { @ b ,  P," } - 3.34 X lo-' {e,, Pz} 

-4.0w1cr4{ib,, ~ 2 , } - 3 . 3 4 ~ 1 0 - ~ { @ , ,  (P,P,+P,P,)} 

+ 6.69 x {a,, (Pap, + P,P, )}; 
DOH: 

OM= Op, cos$,@, + '1.1, sin$,@, , 
'M= 0, 

'M= -0 .0088@,+1.78~10~5{@b,  Pi}-9.13x10-5{@b, P:} 

-9 .  53x10'5{@,, P:}+5. 85X10-5{@,, (P,P,+P,P,)} 

- l .44XlV5{@, (P,P,+P,P,)}+3. 66X10-4{@c, (P,P,+P,P,)} 

+ O .  0067@,+6. 70x10'5{@,, P~}+2.34x10-4{@,, Pz) 

- 5.21 X {a,, (Pap, + P,P, )}; {a,, P," } + 1.18 X 

DOD 

OM= OpX@,, 

'M=O, 

2 M =  -0 .  0052@b+5.33x10'5{@6, P~}+8.4OX10-'{@,, P:} 

- 2 . 2 5 ~  {@,, P:} - 2 . 2 1 ~  (P,P,+P,~,)} 

+ 4.07X {a,, (Pap, + P,P,)}. (9) 

Using these expressions and the rotational constants 
in a principal axis representation for HOH, DOH, 
and DOD" obtainedfrom an analysis using all avail- 
able microwave dataand some infrareddata, line 
strengths were calculatedin the energy representa- 
tion. These line strengths were then used to obtain the 
Stark shifts a s  a function of M2, b", and Op:, where 
M is the projection of the total angular momentum 
along the space-fixed axis. Using the usual second 
order  perturbation treatment, l2 we obtain 

where ,,ya is the coefficient of M" and includes the 
higher order contributions to the dipole moment 
and a! runs over the directions in the principal axis 
molecular coordinate system. For HOH and DOD 
there is a contribution to 2*4E only when a! = b and 
for  DOH when a! =a, b.  It is useful to write this 
expression in te rms  of the rotation angle to prin- 
cipal axes as follows 
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the high correlation among the constants. Conse- 
quently, we have used calculated values for these 

+Oyb c0s2@O+2yb CosZ'&M2 } (''1 coefficients. The most convenient expression for 
this calculation has been given by Kirchhoff, l3 as 

2c4E = '1; E 2  { ,ya sin2@, + zya sinz@,M2 

o r  in a more useful form a s  

4 E i = C  G i n  / E  'Him1HmnGim l2 2Ei / ' H i m E i m  / ' ,  
n m I -  m 

2+4E = 'pf &' {( ,yb + zyb 144'') 

+ sin2+, [(,ya - , yb)  + ( '7, - ZYb) I (12) (14) 
where 'Ei is the result obtained from second order 
perturbation treatment, 

(15) 

and the 'Him a r e  the matrix elements in the energy 
representation for  the perturbation H = - IJ. - 8  . 

The other effect that must be considered is the 
energy shift due to the polarizability of the mole- 
cule. This effect has the functional dependence 

9 
since 

'Ei =E I 'Him I 2 c i m ,  ' p a  = OpL,sin+,, Opb = OpX cos+, 

sin2@,+ c o s 2 ~ ,  = 1 . 
m and 

This result for  the Stark energy shift of a rotation- 
a1 energy level includes the effect of electrical and 
mechanical distortion through fourth order. 

There a r e  two other fourth order effects which 
must be considered in the analysis of the Stark ef- 
fect for  a molecule such a s  water. One is the con- 4 ~ ( p ~ 1 ) = (  o r ( p o i ) + z r ( p o i ) ~ z ) & 2  

sideration of higher order terms in the perturba- 
tion treatment of the Stark calculations. It can be 
shown that the contribution from a fourth order  
treatment will have the form 

and may be evaluated from the expression 

(17) 

Diagonal elements of the polarizability tensor have 
been calculated for  HOH by Liebmann and Mosko- 

4 ~ ( p ~ 1 )  = - + 6 Z ( p m m * m * m ) .  
01 

4E = OpZ E4( ,A +,AMz + 4AM4).  (13) 

Although in principle it is possible to obtain the 
coefficients from an analysis of the Stark shifts, 
this has not been possible from our results due to 

i' i 

/ /  

FIG. 1. Coordinate systems for the water molecule. 
The coordinates of the center of mass  with respect to the 
origin at the oxygen atom a r e  given a s  xo and zo in ang- 
s t roms.  The primed coordinate system is the principle 

witz14 and we have adopted the following polariza- 
bility constants: pa,= 1.651, pbb = 1.452, and p,, 
= 1.226 cm3). With these values the maximum 
correction to the observed frequency shifts is 4 
W z  for the HOH transitions, 0.4 kHz for  the DOD 
transition, and ignoring the off -diagonal element 
of the polarizability ( p a b )  2 kHz for the DOH transi- 
tions. For the precision of our experimental data, 
these corrections a r e  not significant. 

ANALYSIS AND RESULTS 

The experimental details of the measurements 
have been discussed a t  length by Beers and Klein" 
for the data taken by them. The Stark shifts for 
the 22 GHz HOH line (61,6- 52,3) were kindly pro- 
vided by Kirchhoff. '' The values for the electric 
fields for the latter data were readjusted using the 
constants obtained by Muenter17 fo r  the Stark shifts 
on the OCS molecule to be consistent with the field 
determination for  the other transitions. In all 
cases  calculated fourth order corrections and ex- 
perimental corrections were applied to the data 
before the least square analysis. 

axis system and the rotation angle f rom the unprimed SYS- 

and c-y ' .  The phase for a positive change in the normal 
coordinates is chosen as 41: DO stretch,  OH stretch; q2: 
increase in the band angle; q3: DP contraction, OH 
stretch.  Data a r e  R = 0. 9573412 A; f3 = 52.28026", and 

The analysis of the microwave Stark effect data 
tern is @. The system is used where a-Lcz', b c x ' ,  has been carried out using fie method of least 

squares. Each observed Stark shift has been ap- 
propriately weighted based on the e r r o r  of the 
particular measurements and provides an input data 
point to the least squares analysis. The data for 

Xn Zn 6 the several rotational transitions, two for HOH, six 
for  DOH, and one for DOD, have been treated in HOH - 0.0655487 0 0 

DOH - 0.0930725 - 0.0400709 21.05735" several ways. In Method I, the analysis has been 
DOD - 0.1178299 0 0. made a s  a function of 8' and M2G2 to obtain quanti- 
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ties or and 2r in the expression for  the Stark shift, 

v = v o + , r & 2 +  , rM2&2,  (18) 

where 

Or = OF:( + sin'$,( OYa - OYb))  

and M ti l l  

Values for Op2 can be obtained from calculated 
values of oya, 2ya, and sin@,. This approach gives 
the best f i t  to the observed data and provides a 
measure of the experimental precision of the data 
since the r m s  e r r o r  depends only on the assumed 
functional dependence. On the other hand, since 
there may be high correlation between or and 2r, 
this method does not provide reliable values for 
' p .  The transition frequencies (listed to the near-  
es t  megahertz) and the results of Method I including 
values of and ,r are tabulated in Table 11. The 
values given here  vary slightly from those pre-  
viously reported by Beers  and Klein. These dif - 
ferences, most of which a r e  within expected e r r o r  
limits, are due to a revision of some of the modu- 
lation e r r o r s  and to adjustments in the weighting of 
some of the observations. - k, 

I1 

utilized to obtain a value for ' p 2  (also Op2 sin2@,, if f 
desired) using an expression for  the shifts obtained P 
from Eq. (12). In a third approach, MethodIII, the % 

2 data for each isotopic species are analyzed using 3 

topes. The final method, Method IV, combines - 
5 

For Method 11 the data from each transition are 

b 
w 

Eq. (12) to obtain a value of Op2 for  the three iso- 

all the data together to obtain a single value for  
(and again, if desired, Ob2 sin2@,). When the 

data are combined, weights have been assigned to 
the measurements for  each rotational transition 

obtained for  that transition from Method 11. The 
results from Methods 11, 111, and IV are given in 

P 

s 
M 
.3 m 
Y 

which a re  inversely proportional to the rms  e r r o r  
2 
4 

Table 111. 

The methods described for analyzing the DOH 
data allow for the determination of the angle 
through which the equilibrium coordinate system 
must be rotated to obtain principal axes. The 3 A 

4 
improvement in the fit is not significant. Conse- ri 
quently, for  the calculations on DOH the angle de- 

a rived from the analysis of the structure has been 

change in the angle @, as determined from the data 
is of the order of magnitude of the e r r o r  and the 

w 
J. 
c 

assumed, $,=21.05735".  

The dipole moment constants given in Table 111 
a r e  for  the equilibrium dipole moment. The ef- 
fective dipole moment for  the ground vibrational 
states of the three isotopes may be obtained by 
adding the second order coefficients of @a from 

W 

0 

3 

+ 

5 
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Eqs. (7)-(9) to the appropriate results for 'pa,  
from Table III, Method 111. We obtain for 
HOH, 

DOH, 

/ ~ b  = p x  = - 1.8546 * 0.0006 D ; 

/ ~ , b  = - 1.7318 * 0.0009 D,  

p a  = - 0.6567* I). 0004 D ,  

px = - I p:+ p i  )'"= - 1.8521 io. 0012 D ,  

pb  = pX = - 1.8558 i 0.0021 D . DOD, 
These values for DOH are applicable in the repre- 
sentation in which the rotational Hamiltonian is of 
the form 

H~ =AP; + BP;+ CP: 
+(terms of higher power in angular 

momentum). 

Line strengths calculated from Eqs. (7)-(9) and 
corroborated by the Stark measurements enable 
improved atmospheric transmission calculations 
in the infrared. A tabulation of HOH energy levels, 
transition frequencies, and transition intensities 
using the dipole moment function reported here, 
will  be published shortly. '* 

Aside from e r r o r s  in the Stark data, the princi- 
pal source of e r r o r  in our analysis is in the higher 
order coefficients in the dipole moment expansion. 
More accurate experimental values of the first 
derivative constants, particularly for DOH and 
DOD, would be highly desirable. An estimate of 
the magnitude of the contribution to ' M  from ne- 
glected terms of the type ' ( 8 ' 1 ~  /e& can be made 
from the observed intensities of the 2ul, 2v2, and 
2u, infrared bands of HOH. The strongest of these 
is 2u, and if it is assumed that all the intensity of 
that band is attributable to the dipole moment ex- 
pansion, we obtain l 2 ( a 2 p a , / a q ~ ) I = O . 0 O 6 6  D. A 
calculation of the second order contribution to the 
2v, band intensity from mechanical anharmonicity 
is of the order of 0.008 D. Consequently it is ex- 
pected that the correction to the dipole moment 
f rom this source is of the order of 

A more accurate determination of the dipole mo- 
ment projection operator depends on the availabil- 
ity of these higher order constants from experi- 
ment or  from ab initio calculations. 

In conclusion we should like to discuss a number 
of points about which there appears to be confusion 
in the literature. The projection of the molecular 
dipole moment on a space-fixed axis 2 for an 
asymmetric rotor in a given vibration-rotation 
state designated by [(v), J ,  K,, K,, M ]  is indepen- 
dent of field (neglecting polarizability) and is char- 
acterized by the good quantum number M ,  since 
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P, commutes with the Hamiltonian. For micro- 
wave Stark measurements, i t  is not the dipole mo- 
ment of the transition that is observed as is some- 
t imes implied, but rather the energy difference 
between two eigenstates, each state being charac- 
terized by i ts  own expectation value of the dipole 
moment projection operator. From results pub- 
lished up to this point it is not possible to establish 
a difference between the effective dipole moment 
for the three isotopes, this difference being ce r -  
tainly less than 0.003 D. Finally we have observed 
no anamalous behavior of the dipole moment for 
DOH and the dipole moment projection function is 
evidently given adequately by Eq. (8). 

Note added in p ~ o o f i  The representation for 
which Eq. ' s  (7), (E), and (9) a r e  applicable, is that 
designaied as the_@ form, Reduction (a), [i. e.,  
for I+,  ~ , ( b b c c )  = ~, (bbcccc)  = 6;,(ccbbbb) = 66(bbccaa) 
=0] by K. K. Yallabandi and P. M. Parker, J. 
Chem. Phys. 49, 410 (1968). These equations in 
other representations, including that currently 
referred to as the Watson form in which @ =I?, 
= H, = HI, = 0, are available from SAC. The oper- 
ator S' used to obtain these equations includes the 
effect of first order distortion, Coriolis, and an- 
harmonic (cubic) terms in the Hamiltonian. 

- -  
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